We assume that the reader is familiar with the basic notions from the theory of combinatorial species founded by A. Joyal in 6] (see also 2] for a comprehensive 1 English presentation). Informally, a combinatorial species is a class of nite labelled structures which is closed under relabelling along bijections 1 . Typical examples are given by various classes of graphs; e.g., simple graphs, connected graphs, oriented graphs, trees, rooted trees, etc, usually labelled at their vertices. Two structures are called isomorphic if one can be obtained from the other by some relabelling. An unlabelled structure is then an isomorphism class of labelled structures. Species can be added together, multiplied, di erentiated, and substituted one into another, to form new species from given ones. The theory of species gives a uni ed treatment of generating functions for both labelled and unlabelled structures and also provides a tool for the speci cation and analysis of these structures, using functional equations.
A species M is molecular if all the structures are isomorphic to each other. The molecular decomposition of a species F is then the formal expansion F = X M ; (1.1) the index running through the set of unlabelled F-structures and M denoting the molecular species corresponding to . Moreover, M can also be written X n =H , where H denotes the stabilizer of an arbitrary structure, t, of type and n is the degree of M , that is the size of the underlying set of t. Observe that H is determined by up to conjugacy of subgroups in S n . After collecting similar terms (when H is conjugate to H 0) in (1.1), the molecular decomposition of F can be expressed as a multivariate formal power series with coe cients in N, where the indeterminates are atomic species. Atomic species are molecular species which are indecomposable under product. Indeed, the set N j jXj j of isomorphism classes of species forms a semi-ring which is an extension of the semi-ring N where E n denotes the species of n-element sets and C n the species of n-element cyclic permutations. For example, the rst terms of the molecular decomposition of the species G of simple graphs are given (see 2]) by G = 1 + X + 2E 2 Note that the molecular decomposition of an arbitrary species F contains all the information about its associated series. In order to be able to solve combinatorial 1 Formally: a species is an endofunctor of the category of nite sets and bijections. 2 equations, it is then natural to extend the scalars to the complex numbers. This gives the C -algebra CjjXjj, the elements of which are called C -species.
Following the work of Joyal 6]{ 9] and Yeh 15] , we make use of the general substitution of a C -species, with a non necessarily zero constant term, into another C -species to introduce a generalization of the classical binomial coe cients and to apply it to a class of combinatorial functional equations. More speci cally,
In section 2, we de ne nonnegative integers, In section 4, we make use of these polynomials ? M N to study functional equations of the form M( (X)) = (X); (1.6) in the context of C -species, to be solved for the \unknown" C -species (X), where M(X) is a given molecular species and (X) is a given C -species. This extends the study of symmetric square roots (where M = E 2 , the species of 2-point sets) initiated by Bouchard, Chiricota, and Labelle in 3]. Equations such as (1.6) arise naturally in enumerative combinatorics. For example, let a and A be the species of trees and rooted trees respectively. The following relation, due to P. Leroux This is an instance of (1.6) in the context of virtual species (i.e. Z-species) with M = E 2 ; = 1 ? A; = 1 ? a.
Generalized binomial coe cients
We start with the observation that the classical binomial coe cients can be interpreted in terms of \partially labelled lists" as follows. Consider a list of m nodes, n of which are labelled by distinct labels, the m ?n remaining nodes being unlabelled (see bottom list in gure 1, where n = 3 and m = 9). We call such a structure a n-partially labelled m-list (or a partially labelled m-list of degree n). (2.9) where (1 + X) m = (1 + X) (1 + X), m factors, is interpreted as the species of partially labelled m-lists (a 1-structure is an unlabelled node, and a X-structure is a labelled node).
Note that the species M(X) = X m is molecular (any two labelled m-lists being isomorphic) and that More precisely, let M be a molecular species of degree m. To construct a partially labelled M-structure s on a set U of n labels, n m, we proceed in three steps: 1) add to U an arbitrary set V of m ? n distinct new elements; 2) take a M-structure t on the augmented set U + V ; 3) obtain s from t by unlabelling all the elements of V . For example, let M(X) = C 6 (X) the species of oriented 6-cycles. Figure 2 gives two (non isomorphic) partially labelled C 6 -structures on the set U = fa; b; cg of three labels. since the X-labels must be permuted among themselves as well as the T-labels. Moreover, because we unlabel the elements of V , we must take the restriction to U of all elements of (2.17) to obtain stab(s). Making use of existing lists of low degree molecular species 2], we computed (see Table A ) the generalized binomial coe cients ? M N for every molecular species M; N of degree 4. The rows and columns of this \generalized Pascal triangle" are indexed by the following degree-compatible total ordering of molecular species Figure 3 shows a complete set of non-isomorphic representatives of the partially labelled XC 3 -structures which can be obtained from a given XC 3 -structure t on f1; 2; 3; 4g by unlabelling nodes of t. These eight non isomorphic structures are classi ed according to the conjugacy class of their stabilizers. Note that two of 9 them correspond to X 2 -structures (third column in Figure 3 ). This explains (2.21) and (2.22). Similarly, (3.8) follows from the fact that
2 The substitution X 7 ! 1 + X can be extended by linearity to polynomial species of degree m,
as follows:
Of course, the F(1 + X)-structures are also be interpreted as partially labelled Fstructures.
This extension to polynomial species will now be used to study the k th iterates of the substitution X 7 ! 1+X. We start with k = 2 and a molecular species M(X). If we apply the substitution X 7 ! 1 + X to the polynomial species M(1 + X), we obtain the species (M (1 + X)) (1 + X) (3.17) of partially labelled partially labelled (yes, twice!) M-structures. These structures are obtained through two successive unlabellings: unlabelling 1 and unlabelling 2.
Equivalently, a structure belonging to species (3.17) can be interpreted as a partially 2-colored M-structure (color i corresponds to unlabelling i; i = 1; 2). Obviously, we can replace 2 by any non negative integer k, in the above discussion, by making use a set of k colors, instead of two. Since, k + X = (1 + (1 + ( + X) )) = (1 + X) (1 + X); 4 Concretely, if M is of degree m n and U is a set of n distinct labels, then to obtain a partially k-colored M-structure s on U one may proceed as follows: rst, add to U a family V 1 ; : : :; V k of k disjoint sets, such that jU + V 1 + : : : + V k j = m, then chose an arbitrary M-structure t on U + V 1 + : : : + V k and, nally, for i = 1; : : :; k, \paint" with color i every element of V i (so that any two elements within any given V i become indistinguishable from each other).
Formally speaking, a M(k+X)-structure s on U is an equivalence class of (k+2)- More generally, the substitution, P( ), of into a polynomial C -species P is extended by linearity.
Equations such as (4.2) arise naturally in enumerative combinatorics. For example, (see introduction) the dissymmetry theorem for trees is equivalent to the following equation Because of this reduction lemma, we now focus our attention on the study of M-roots of + X. It turns out that a complete analysis can be made in this case.
The following theorem is the main result of the section. Hence, by a general inversion theorem (see 9] and also 10]), P(X) has a unique substitutional inverse P <?1> (X) given by P <?1> (X) = X ? P X + 2 P X ? + (?1) n n P X + (4.21)
where P is the linear \delta operator" de ned on C -species by the formula ( P G)(X) = G(P(X)) ? G(X): 
